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Using the "ac Method" to Factor 2"® Degree Polynomials
A 2™ degree (or "quadratic") polynomial in the variable x can be written in the following standard form:

ax* +bx+c

Notice that the above expression is a sum of three terms with coefficients a, b, and c¢. To factor this means to rewrite it as a product of two 1% degree
polynomials...that is, in the form:

(ux + r(vx + )

Here all our coefficients a, b, ¢, u, r, v, and s are assumed to be integers, and we say that we are trying to "factor over the integers". Depending on a, b,

and c, the polynomial a x> + bx + ¢ may, or may not, factor over the integers. Below we describe a way to determine whether a second degree polyno-
mial factors over the integers (called the "ac test"). And, if it does factor, we give a way (called the "ac method") to find the factorization.

The "ac Test"

To determine whether a quadratic polynomial @ x*> + bx + ¢ factors over the integers:
1. First compute the value of the product, ac .
2. Next try to find for two integers, call them p and g, satisfying the conditions: pg = ac and p + g=b.

3. If such a p and ¢ exist. then your quadratic polynomial will factor over the integers. If no such p and ¢ exists, your polynomial will not factor over
the integers.
If your polynomial does turn out to factor, we say it "passes the ac test". In that case, you can find the factorization by applying the "ac Method".

The "ac Method"

To factor a quadratic polynomial a x> + b x + ¢ over the integers:
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1. Using the values of p and ¢ found in the "ac Test", rewrite ax> + bx + ¢ inthe formax®> + px + gx + c.

2. The expression ax?> + px + gx + c¢ cannow be factored by grouping to obtain the factorization you're after.

Examples

Example 1. Factor 3 x? + 8 x + 4 , if possible.
Solution: First let's use the "ac test" to see if it does indeed factor. Note that: a =3, b=8, andc=4. Soac =3-4 =12. Thus we want to search for
two integers p and ¢ satisfying:

pgq=12 and p+qg =38

If we can quickly "see" a p and g that work, great! But, if not, we can be systematic and make a table (shown below) of all the pairs of factors of ac = 12,
and then check to see if any of those add to 8. Indeed, from the table below, we see the red row "works"...thatis p =2 and g = 6.

p q| p+ta
1 12 13
| 2| €] 8
3 4 7
-1(-12|-13
-2| -6| -8
-3 -4 -7

Thus the polynomial 3 x> + 8 x + 4 passes the ac test, so we are guaranteed that it will factor over the integers.
So now, to obtain the factorization of 3 x> + 8 x + 4, we use the "ac method". That is, we rewrite the 8 x term as 2x + 6 x and then factor by grouping.
Here are the steps...

3%+ 8x+4 = 3x%+2x + 6x+ 4
= x(3x+2)+2CBx+2)
= [x+2]Bx +2)

Remark: Note that using the ac test and the table above, we can conclude that any polynomial of the form 3 x> + bx + 4 will factor if, and only if,
b=13, 8,7, =13, =8 or -7. For any other value of b, the polynomial 3 x*> + bx + 4 will not factor over the integers!

More examples and some practice exercises appear on the next page.



Here are some more examples:

Example 2: Factor, if possiible: 6x* — 17 x + 5.

Solution: First, note that ac = 30 and b= -17. So we're
looking for pand ¢ withpg = 30 and p+g=-17.
Here's the table of all pairs of factors of 30, and their sums:

P| 4 | Ptq
1} 30| 31
21 15 17
31 10 13
5 6 11
-1|-30| =31
-3|-10| -13
5| -6| —11

Weseethat p = -2 and ¢ = —15 works, so the
polynomial passes the ac test, and thus will factor.
To finish the problem, we factor by grouping:
6x*—17x+5 = 6x*-2x — 15x+5
=2xBx-1)-5@x-1)
= [2x-5]Bx-1

Example 4: Factor, if possiible: 2x% — 13 x + 20.

Solution: First, note that ac = 40 and b =—13. So we're
looking for pand ¢ withpg = 40 and p+g=-13.
Here's the table of all factors of 40 and their sums:

p| a | ptq
1| 40 41
2| 20| 22
4 10| 14
s| 8| 13
—1|-40| -41
—2|-20| -22
-4|-10| -14

We see that p = -5 and ¢ = —8 works, so the
polynomial passes the ac test, and thus will factor.
To finish the problem, we factor by grouping:
2x2-13x+20 = 2x2-5x — 8x+20
=xQ2x-5-42x-5)
= [x-4]2x-5)

Practice Exercises

1) Use the ac test and ac method to factor the following polynomials, if possible.

a) 4x2+16x+7 b) 6x*—25x+4 c) 4x>+29x+6
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Example 3: Factor, if possiible: 10x* + 5 x — 4.

Solution: First, note that ac = —40 and b =15. So we're
looking for pand ¢ withpg = =40 and p+g=>5.
Here's the table of all factors of —40 and their sums:

P| 4 | Ptq
1[(-40| -39
21-20| —18
41-10| -6
5( -8 -3
-1| 40| 39
-2| 20 18
-4 10 6
-5 8 3

We see that no appropriate pair of p and ¢ exists here.
That is, there is no pair of factors of —40 which add to 5.

Thus the polynomial 10 x> + 5 x — 4 fails the ac test, and
it will not factor over the integers.

Example 5: Factor, if possiible: 9x% +3x —4.

Solution: First, note that ac = —36 and b = 3. So we're
looking for pand g withpg = =36 and p+g=3.
Here's the table of all factors of —36 and their sums:

P| q4 | PHq
1]-36| =35
2|-18 | -16
31-12( -9
4| -9 -5
6| -6 0
-1| 36| 35
-2 18 16
=3 12 9
—4 9 5

We see that no appropriate pair of p and ¢ exists here.
That is, there is no pair of factors of —36 which add to 3.

Thus the polynomial 9 x> + 3 x — 4 fails the ac test, and

it will not factor over the integers.

d 11x>+20x-4

2) For which values of the coefficient b will the polynomial 5x> + bx — 8 factor over the integers?



