What have we learned so far in ENGN 20?
Zero Order Circuits

A zero order circuit is a circuit with no energy storage elements (inductors or capacitors).
It is also called a purely resistive circuit.

We can find any voltage or current in any zero order circuit using these methods of analysis:
· Kirchoff’s Current Law 

· Kirchoff’s Voltage Law

· Voltage & Current Division
· Superposition
· Source Transformation
· Node Voltage Analysis
· Mesh Current Analysis
· Thevenin’s & Norton’s Theorems
First order circuits  
A first order circuit is a circuit with one irreducible capacitor or one irreducible inductor.
We can find a response (a current or a voltage) in any first order circuit. 
It will always look like this:

x(t) =  Ae– t/(  +   e–t/( ( y(t) e t/( dt 

where 
· the time constant 

(  = RC  

or  
( = L/R
· the forcing function 
y(t) = vs(t)/RC 
or  
y(t) = vs(t)/L
· the arbitrary constant of integration A is evaluated from the initial condition of the circuit,
i.e. either the capacitor voltage or the inductor current.
In case you forgot, here is how we obtained this result for first order cirtuits:

First, we found the Thevenin equivalent circuit from the perspective of the energy storage element.

Next we found the first order differential equation that describes the circuit and put this equation into standard form: 
  
 dx(t)/dt +  x(t)/ (   =   y(t) 
where x, ( and y(t) are defined above
Next we solved this first order differential equation using our knowledge of differential equations:
· In general, the solution of any differential equation, called the complete response, xc(t),  is the sum of two parts: the natural (or transient) response, xn(t), and the forced (or steady state) response. 
 xc(t)  = xn(t) + xf(t) 
· To find the transient part of the response, the forcing function is set equal to zero and the solution to that differential equation is found. 
For the first order circuit the natural response is:
xn(t) = Ae– t/(  
In general, the natural response of a differential equation will have as many arbitrary constants as the order of the equation. 
These arbritray constants are determined from the initial conditions of the circuit.
· To find the forced part of the response, a guess is made that looks like the forcing function and plugged into the original differential equation. 
For the first order circuit the forced response is:
xf(t)  =  e–t/( ( y(t) e t/( dt 
For the special case of a first order circuit with a constant forcing function the response looks like this: 



x(t) = x∞+ [x0  -  x∞] e– t/(   

Second order circuits  

A second order circuit is a circuit with two irreducible energy storage elements.
To find the response (a current or a voltage) we need to find the second order differential equation that describes the circuit:

a2 (d2x/ dt2)   +  a1 (dx/dt)   +  ao x     = f(t)

We then need to solve this differential equation. 

This means finding both the transient part and the forced part of the solution. 

The transient part of the solution has only 3 possibilities. 
To determine which it is, find the roots, s1 and s2, of the characteristic equation:

a2 s2   +  a1 s   +  ao     = 0
1. If roots are real and distinct, then the natural solution is overdamped:
 



xn(t) = A1eS1t  +  A2eS2t
2. If roots are real and indistinct, then the natural solution is critically damped:  
 



xn(t) = e-St (A1t + A2)
3. If the roots are complex, then the natural solution is underdamped:    
 



xn(t) = e-(t (A1 cos (dt + A2sin(dt )  
The steady state part of the solution is obtained by just guessing a form that is like the forcing function and plugging into the differential equation.
Note: 
For the special case of a RLC parallel circuit or a RLC series circuit with a constant forcing function, you do not have to obtain the differential equation.  
You can get the transient part of the response by using:
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You can get the steady state part by inspecting the circuit itself.


Higher order circuits
1. Find the differential equation of the circuit. 
Use the state variable method. The order of the differential equation will be the same as the number of energy storage elements in the circuit.

2. Solve this differential equation.
Find complete response which includes both the natural response and the forced response. 
The natural response will have as many arbitrary constants as the order of the differential equation.
Find the the arbitrary constants using initial conditions and the complete response.
In Chapter 10 we limit our scope to the special case of the forced response in circuits with sinusoidal forcing functions.

In other words…
The Steady State Sinusoidal Response (SSSR)
There are many good reasons to develop the analysis for sinusoidal forcing functions:

1. The natural response of an underdamped second order system is a damped sinusoid, and, if there are no losses, it is a pure sinusoid.


2. Other periodic forcing functions can be written as a sum of sinusoids. (Fourier’s Theorem.)


3. The forced response takes on the form of the forcing function, its integral and its derivatives, so a sinusoidal forcing function will produce a sinusoidal forced response.  (So the math will be easy.)


4. Since it is an easy function to generate, its waveform is used predominately throughout the electric power industry and every electronic lab has a number of sinewave generators, which operate throughout a vast range of frequencies.
Methods of solution for the steady state sinusoidal response.
The same methods of analysis that are used to find the response in a purely resistive circuit can be utilized for finding a steady state voltage or current in a circuit that has a sinusoidal forcing function: 
· Kirchoff’s Current Law 

· Kirchoff’s Voltage Law

· Voltage & Current Division

· Superposition

· Source Transformation

· Node Voltage Analysis

· Mesh Current Analysis

· Thevenin’s & Norton’s Theorems

If you think about this, you should be shocked! But it is true! 

The tool we will use is called a phasor transform or a phasor.

A phasor is simply a complex number that is used to represent a steady state voltage or current in a linear circuit that has a sinusoidal forcing function.  It holds all of the essential information about the voltage or current:

· the magnitude

· the phase angle

Note:  It does not hold information about the frequency, however, all voltages and currents will be operating at the same frequency.  Hence that information is unnecessary.
We will see that this tool makes the solution to these problems breathtakingly simple! i.e. the methods of solution for these problems is the same as for purely resistive circuits!
The Forced Response of an RL Circuit to a Sinusoidal Forcing Function

Let’s find the forced response, (aka steady state response because it is the response after the natural or transient response has died out,) of an RL circuit to a sinusoidal forcing function:

[image: image1.wmf]RC

2

1



i(t)

R




We want to find i(t).










Using KVL, we get:











       

L  di  +  Ri  =  Vm cos(t
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We need to solve this equation for i(t)   
   


We guess that the forced response will have the form:   i(t)  =   I1 cos(t  +  I2 sin(t

When we substitute this into the differential equation, with some work we can get the solution:


i(t)  =         RVm         cos(t    +       (LVm       sin(t





    R2 +(2L2


R2 +(2L2

Or alternatively:


i(t)  =              Vm              cos ((t  –  tan -1 (L/R )


    


    (R2 +(2L2)1/2
Observations:

· The amplitude of the response is proportional to the amplitude of the forcing function.

· The amplitude of the response decreases as R, L or ( increases.  (But not proportionately.)

· The phase difference between the current and the voltage depends on (L/R.

· The current lags the voltage by (tan –1 (L/R) which is between 0o and 90o.

· If ( = 0 the current is in phase with the voltage.

· If L= 0 the current is in phase with the voltage. 

· If R = 0 the current lags the voltage by 90o.

Note: 

(L is called the inductive reactance of the inductor.  It has unit of Ohms and is a measure of the opposition that is offered by the inductor to the passage of a sinusoidal current.

 Consider a sinusoidal source connected to a
General (passive) Network:
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We saw that a sinusoidal forcing function always produces a sinusoidal response of the same frequency in a linear circuit.  

Hence:
If v(t) is equal to Vm cos((t + (), 
           
then i(t) will take on the form of Im cos((t + (). 


If v(t) is equal to Vm sin((t + (), 
 
then i(t) will take on the form of Im sin((t + ().


If v(t) is equal to jVm sin((t + (), 
 
then i(t) will take on the form of jIm sin((t + ().


If v(t) is equal to [Vm cos((t + () +jVm sin((t + ()],  (= Vm e j((t+())

    


then i(t) will take on the form of [Im cos((t + () + jIm sin((t + ()]. (= Im e j((t+()).

In short:  

A complex forcing function, Vm e j((t+()  will produce a complex response, Im e j((t+().

The real part of the forcing function produces the real part of the response.  

The imaginary part of the ff produces the imaginary part of the response.

So our strategy is to replace a given forcing function, Vm cos((t + (), 
with a complex forcing function Vm cos((t + () + jVm sin((t + () = Vm e j((t+().  
We’ll obtain a complex response, Im cos((t + () + jIm sin((t + () = Im e j((t+() 
whose real part is the actual response.  
We will then just throw away the imaginary part.  
The advantage in doing this is that complex numbers are much easier to work with.  In fact we won’t even have to work with the whole thing.  We can throw away the part that contains the information about frequency since all of the voltages and currents will have the same frequency.
  Im e j((t+()  =  Im ej(  =  Im ((

This last term here is a phasor.

Consider the series RL circuit with the real source vs:



i(t)

R




We want to find i(t).











Using KVL, we get:











       

L  di  +  Ri  = Vm cos((t)



vs(t) =
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We need to solve this equation for i(t).   
   


This time, we will construct a complex forcing function whose real part is vs:  

vs(t) =  Vm cos((t) +  j Vm sin((t)    =   Vme j(t
Then we will guess the forced response will have the form:  i(t)  =  Im e j((t+() 

When we substitute this into the differential equation, with a little work we can get the same as before:


   Im   =        Vm                 and 
( = (-arctan (L/R)




     
(R2 + (2L2)1/2 


         i(t) = Im cos((t + ()  =        Vm           cos((t + -arctan (L/R)



         


(R2 + (2L2)1/2


The Sinusoidal Steady State Response and the Phasor Concept
For any linear circuit operating in the sinusoidal steady state at a single frequency, (, 
every current or voltage will take the form: 




 x(t) = Xm cos((t + ()
This representation of a voltage or current in the circuit is in the time domain.
The essential information it contains is the amplitude, the phase angle and the frequency.  
Now consider this:  Since every response in the circuit has the same frequency, the essential information is really just the amplitude and the phase angle.  So we can represent the voltage or current response with something that just carries this essential information.  Can we find something to do this?  Yes!  A complex number is something that can do this.

Consider that  

a current in the time domain will look like: i(t) = Im cos((t + ()  and can be represented by Ime j((t + ()

a voltage in the time domain will look like: v(t)=Vm cos((t + () and can be represented by Vme j((t + ()

And since we don’t need the e j(t part since all currents and voltages will have the same frequency:

        Im cos((t + ()
  can be represented by 
    Ime j( = Im((
    time domain    Vm cos((t + ()      can be represented by 
  Vme j( = Vm((       frequency domain
This abbreviated complex representation is called a phasor transform or a phasor.  

This representation of a voltage or current in the circuit is in the frequency domain.  
The essential information of amplitude and phase angle is explicit, the frequency is implied. 
(It is always the same frequency as the forcing function.)  

So a phasor is simply a complex number that is used to represent a steady state voltage or current in a linear circuit that has a sinusoidal forcing function. 
It holds all of the essential information about the voltage or current:

· the magnitude

· the phase angle

Important to remember:

Phasors are used to represent current and voltages only under these conditions: 

· The circuit is linear.

· The current or voltage sought is the steady state current or voltage.

· All independent sources are sinusoids of the same frequency.  

To convert from the time domain to the frequency domain:

    
     i(t) = Im cos((t + () 
this is the time domain


= Re [Ime j((t + ()]
this is the same thing 

(rewritten as the real part of a complex no.)

= Ime j((t + ()

because adding the imag. part doesn’t affect the real part

= Ime j(


because e j(t is superfluous 




(note: this is a complex number in exponential form)


= Im((
phasor representation (the complex number in polar form)


= I


this is the frequency domain

Note that in the frequency domain, it does not look like a function of time.  It contains only information about the amplitude and phase angle and does not explicitly show frequency, (, or time, t.

To convert from the frequency domain to the time domain:


        I
= Im((


this is the frequency domain 

(the polar form of the complex number)




= Ime j(


this is the exponential form of the complex number




= Ime j((t + ()

add back the e j( term to include information about (



= Re [Ime j((t + ()]
drop the imaginary part




= Im cos((t + ()
show only the real part: this is the time domain




= i(t) 




We will now see that we can use the methods of analysis that we learned for resistive circuits (zero order) for higher order circuits (ones with inductors and capacitors). 

Interpretation of a phasor in the frequency domain to a function in the time domain:
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· The frequency domain phasor is at an angle measured ccw from the Re axis. 
 

· Imagine another phasor of the same magnitude on top of this one at t = 0 and rotating with an angular (radian) velocity of (, ccw.  


· At any time t, this phasor is at an angle of ((t + () from the Re axis. 


· Its projection onto the Re axis is the time function of the quantity that the phasor represents.


· In summary, the phasor Vm (( can be transformed into the time function Vmcos((t + () by just looking at the projection onto the Re axis of a phasor rotating with angular velocity (, at any instant of time.

The response of a circuit with a sinusoidal excitation can be presented as a function of (.  There are many types of plots.  All are in the form of some variable –vs– frequency:

· the magnitude of the response  –vs–  (
· the phase angle of the response  –vs–  (
· the magnitude of the current voltage ratio (i.e. admittance)  –vs–  (
· the phase angle of the current voltage ratio  –vs–  (
· the magnitude of the voltage current ratio (i.e. impedance)  –vs–  (
· the phase angle of the voltage current ratio  –vs–  (
· the magnitude of a transfer admittance or impedance (this is when the current and voltage are measured at different locations in the circuit,)  –vs–  (
· the phase angle of a transfer admittance or impedance  –vs–  (
· a voltage voltage ratio (called voltage gain)  –vs–  (
· a current current ratio (called current gain)  –vs– (
Now let’s establish the relationship between phasor voltage and phasor current for each of the three passive circuit elements: Resistor, Inductor and Capacitor

The Resistor:
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v(t) = R i(t)

This is the  time relationship.
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Vme j((t + () = R Ime j((t + ()







Vme j( = R Ime j(





    
v(t) = R i(t)

    R

  
Vm(( = R Im((
We see that ( = (
  



( v and i must be in phase





V = R I

This is the phasor relationship.         
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We see that for a resistor, 



V = R I


R
the voltage-current relationship in 








the frequency domain (i.e. with phasors)








looks the same as it did in the time domain.









For resistors, there is no  
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real advantage of doing this.
The Inductor: 
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v(t) = L di/dt
  
This is the time relationship.
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Vme j((t + ()   =  L  d  (Ime j((t + ())
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 v(t) = L di/dt

     
      L

Vme j((t + ()  =  j(L Ime j((t + ()
Vme j(  =  j(L Ime j(








Vm((  =  j(L Im(( 
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V = j(L I

This is the phasor relationship. 
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V = j(L I                               L
Note: 
j(L I =  ((L (90o)(Im(()  =  (LIm ((+90o)

Hence Vm =  (LIm    and   ( = ( + 90 o
_
The current lags the voltage by 90o in the inductor. 







The voltage leads the current by 90o in the inductor.

The Capacitor: 











    i = C dv/dt

         
i(t) = C dv/dt
 
This is the time relationship.










       +

Ime j((t + ()   =  C  d  (Vme j((t + ())
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Ime j((t + ()  =  j(C Vme j((t + ()
Ime j(  =  j(C Vme j(
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Im((  =  j(C Vm(( 







I = j(C V

This is the phasor relationship. 
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Note: 
j(C V =  ((C (90o)(Vm(()  =  (CVm ((+90o)

Hence  Im =  (CVm    and    ( = (+90o
The current leads the voltage by 90o in the inductor. 

The voltage lags the current by 90o in the inductor.
          -









Impedance

of a circuit element is defined to be the ratio of the voltage phasor across the element to the current phasor through it.


      Z  =  V

    I

· It has units of Ohms.

· It is not a phasor.

· It cannot be transformed to the time domain.

· For a Resistor:  Z = R

· For an Inductor: Z = j(L

· For a Capacitor: Z = 1 / j(C

We can think of an inductor as being represented in the time domain by its inductance, L, or in the frequency domain by its impedance, j(L.

We can think of an capacitor as being represented in the time domain by its capacitance, C, or in the frequency domain by its impedance, 1 / j(C.

Important Note:

To get an equivalent impedance for a series or parallel combination, combine them like resistors.

Another Important Note:

In general impedances may be represented by a complex number:


Z =  R + j X
     Rectangular Form
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Reactive






Component

Component
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Resistance

Reactance








Z  =   |Z| ((
     Polar Form

Admittance

of a circuit element is defined to be the ratio of the current phasor through an element to the voltage phasor across it.


                                                   

      Y  =    I
      V

· It is the reciprocal of impedance.

· It has units of Siemens.

· It is not a phasor.

· It cannot be transformed to the time domain.

· For a Resistor:  Y = 1/R = G

· For an Inductor: Y = 1 / j(L

· For a Capacitor: Y =  j(C

Important Note:

To get an equivalent admittance for a series or parallel combination, combine them like conductances.

Another Important Note:

In general admittance may be represented by a complex number:


Y =  G + j B         Rectangular Form
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Susceptance








Y   =   |Y| ((
       Polar Form

Immittance

is the general term used for both impedance and admittance.
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Review of sinusoidal waveforms:










  
v(t) = Vm sin ((t + ()
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Consider the meaning of (, the phase angle:



          (
v(t) = Vm sin ((t + ()


If ( is not zero, the curve is









     shifted by an amount ( to the left.




















t
These curves are said to be out of phase. 

The dotted curve leads the solid curve by (.  

The solid curve lags the dotted curve by (.
Note:  sin ((t + 90o) = cos (t:

· So the sine and cosine curves are 90o out of phase.  

· Or we can say that the “sin lags the cos by 90o”

· Or we can say that the “cos leads the sin by 90o”

· Or we can say that the “sin leads the cos by -90o”

· Or we can say that the “cos lags the sin by -90o”
Review of Complex Numbers

For a linear circuit that has an ac forcing function applied to it, all the voltage and current responses will be sinusoids with the same frequency as the forcing function.

Hence, only two things are needed to represent any response: a magnitude and a phase angle.  (Not the frequency.)

So we can use complex numbers to represent any response:










 Im

The complex plane
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where  
r  = (a2 + b2)1/2   
the magnitude 
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the phase angle
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a = rcos( 
   
the real part


     




b = rsin(

the imaginary part
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Re

 Note: a + bj = rcos( + j rsin( = r (cos( + i sin() = r cis( = r((  = (calculus proof) rej(
To add or subtract complex numbers put them in rectangular form:
(a + jb) + (c + jd) = (a + c) = j(b + d)

(a + jb) - (c + jd) = (a - c) = j(b - d)

To multiply or divide complex numbers put them polar form:

(r(() * (t(()  =  (r * t) (((+ ()
(r(() ( (t(()  =  (r ( t) (((- ()
Phasor Diagrams
A phasor represents a sinusoidal voltage or current.  
It can be represented by a vector in the complex plane.  
This vector contains the information of the magnitude and phase angle (but not the frequency) of the waveform that represents the current or voltage.


A phasor diagram is a sketch showing relationships of phasor voltages and phasor currents throughout a specific circuit in the complex plane.  

We can add complex quantities graphically in the complex plane or the frequency domain:
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scales because they have 

different units.

Here is what it looks like in the time domain :
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