Chapter 13 Review

The Principle of Work and Energy

Applicable to all problems within a Newtonian Frame of Reference.

Use this for problems involving f, m, v and displacements.

For one particle:


T1  +  U 1(2    =  T2

where T = Kinetic Energy of the Particle = ½ mv2
and where U 1(2 = ( r1r2  F ( dr is the work done by all the forces acting on the particle    over the displacement from r1 to r2
For more than one particle:
T1  +   U 1(2   =  T2
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Notes:

· This is a scalar equation.
· T is always positive. The work done can be positive or negative.
· Forces that do no work are not considered.

· If the acceleration is desired, you need to supplement with Newton’s 2nd Law.

A Conservative force is a force whose work is path independent.  

For any conservative force we can define a Potential Energy Function, V.  It is only a function of the position of the particle.  

The work done by this force from position 1 to 2 of the particle is given by: U 1(2  = V1  -  V2    


The potential energy function for the gravity force is:

Vg = mgy
y
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The potential energy function for the elastic spring force is:
Ve = 1/2 kx2

        
 x












unextended length

The potential energy function for the gravitational force is:
VG = -GMm/r

     r

Note:  y, x and r are clearly defined.

If only conservative forces act, the Principle of Work and Energy becomes 

the Conservation of (Mechanical) Energy:  T1 + V1 = T2 + V2   
For motion under a central and conservative gravitational force:


ro m vo sin (o = r m v sin ( = constant

½ mvo2  – GMm/ro = ½ m v2 – GMm/r

The Principle of Impulse and Momentum
Applicable for all problems within a Newtonian Frame and when the mass is constant.

Use this for problems involving f, m, v and time intervals.

For one particle: 


L1  +  I 1(2    =  L2





where L = Linear Momentum of the Particle = mv
    and where  I1(2 =  (t1 t2  F dt   is the Impulse of the net force over the time interval t1 to t2
For more than one particle:
(L1  +  (I 1(2  =  ( L2
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because these cancel out.)

Notes:
· If the external forces are zero, momentum is conserved.


· If the external forces are large and the time interval is small, we call the force an impulsive force and the motion is impulsive motion.


· Any non-impulsive forces can be neglected in the Principle of Impulse and Momentum.

Define Power and Efficiency


Power   =  P
=  dU 
=    F · dr    =   F · dv


 
     dt
         dt


Efficiency  =  ( =  Wout  =   (if work is done at a constant rate)  Pout
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IMPACT
A collision of two bodies over a very short time interval during which the forces between the two bodies are very large.

Define:
line of impact – the line perpendicular to the line tangent to the surfaces of impact.



central impact – mass centers are on the line of impact (loi).



eccentric impact – mass centers are not on the loi.



direct impact – the velocities of the particles are directed along the loi.



oblique impact – the velocities of the particles are not directed along the loi.
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During the period the particles are in contact, there will be a period of deformation and a period of restitution.  

During the period of deformation there are equal and opposite forces of deformation acting on the particles.  These are action and reaction forces of the particles on each other. 

During the period of restitution there are equal and opposite forces of restitution acting on the particles.  These are action and reaction forces of the particles on each other. 







P – forces of deformation
            







or
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R – forces of restitution

 from B acting on A
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P –  forces of deformation









or 

R – forces of restitution

    from A acting on B

For impact between two bodies we derive this equation:







  Where  e  =
 ∫Rdt  =  the coefficient of restitution 

 




 ∫Pdt

Notes:

· This is derived using the Principle of I & M for both particles during both intervals

· It is applicable only for the direction of the loi

· Using this with the Principle of Conservation of Linear Momentum, we can solve any impact problem.

Consider a Direct Central Impact:
    A

       vA
           B                      vB
        

Notation:  The velocities of the particles will be designated with a v (unprimed) before the impact, a u for right after the period of deformation, and a v' (prime) for right after the period of restitution (after the collision).

For particle A, apply the Principle of Impulse and Momentum for the time interval of the period of deformation and then for the time interval of the period of restitution.
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mAvA  -  ∫Pdt
 =  mAuA




        
        P or R



mAuA  -  ∫Rdt
 =  mAvA'

Now do the same for particle B.










P or R
        



mBvB  +  ∫Pdt
 =  mBuB
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mBuB  +  ∫Rdt  =  mBvB'









Note that uA = uB because the particles are in contact.

Define a coefficient of restitution,  e  =  ∫Rdt 





        ∫Pdt

With some mathematical manipulation we can get for the direction of the line of impact (n):


Using this with the Principle of Conservation of Linear Momentum

(because there are no external forces   (   dL/dt = 0    (    L = constant) 

we can solve any impact problem.

With some work we can prove that the kinetic energy of the system is conserved.

Now Consider an Oblique Central Impact:
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If the surfaces of contact are frictionless then the forces of deformation and restitution are only acting in the normal direction.  Hence linear momentum is conserved for each particle in the tangential direction:

mA vAt
 =  mA vAt'






mB vBt
 =  mB vBt'

The fact that there are no external forces acting on the system means that linear momentum is conserved for the system in all directions.  Usually the normal direction is the most convenient one to write the equation for:




    mA vAn  +  mB vBn   =  mA vAn'  +  mB vBn'

And using the equation for relative velocities before and after the impact in the normal direction:


     vBn' - vAn'   =   e (vAn - vBn)

These should be enough to solve any problem.

Notes about e, the coefficient of restitution:

In general the forces of restitution are less that the forces of deformation.  

Hence  0 < e < 1

This coefficient of restitution is a primarily a function of the material of the bodies and to a lesser extent, their speed, their shape and their size.  You can look up the value of e for two materials.

e = 0 designates a perfectly plastic collision.  

There are no forces of restitution and the particles are stuck together after the collision and hence the velocities of the two particles are the same.


e = 1 designates a perfectly elastic collision.  

The forces of restitution are equal to the forces of deformation and the relative velocity of the two particles is the same before and after the impact.  With some work we can get that the kinetic energy of the system is conserved.

Strategy for all Impact Problems

Whether they are central or eccentric impact,

Whether they are direct or oblique impact,

Whether they have no external forces acting during the impact 

 




or one (or both) of the bodies is constrained.

Step 1)   Apply the Principle of Impulse and Momentum:

  Look at where linear momentum is conserved,

 i.e. in what direction are forces = 0?  

· for an individual body? 

· for the system?  

Step 2)  Apply the coefficient of restitution equation for the normal direction:

  vBn’ - vAn’   =   e (vAn - vBn)
vBn’ - vAn’   =   e (vAn - vBn)











vB' - vA'   =   e (vA - vB)














