Chapter 14 - Review

Systems of Particles
A system with at least two particles, considered together, is a system of particles. 

The particles may move independently, or not. If the motions are dependant, we should be able to find relationship(s) between the motions of the particles. (For example, by considering the length of rope in a pulley system to be constant.)

A rigid body is a system of particles, rigidly connected. 
The mass center of a system of particles is a point G.

Consider a Newtonian Frame of Reference, Oxyz (The Absolute Frame)

And also consider a Centroidal Frame of Reference, Gx’y’z’
The centroidal frame is attached to the mass center of the system, G, and it is moving in translation only wrt Oxyz. 
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The three methods of solution we have learned for dynamics problems is:

1. Newton’s Second Law

2. The Work-Energy Theroem

3. The Principle of Impulse and Momentum 

So far we have only applied these to a single particle. To understand how these can be applied to a system of particles we need to have the following terms well understood.

(In the following, a primed quantity represents a quantity measured wrt the Gx’y’z’ axes. )
The position vector to the center of mass, G, of a system of particles:
rG  =   ((miri )/M    
where M = (mi  = total mass of the system

  

The absolute position and the absolute velocity of the ith particle in the system: 

ri = ri/O 

vi = vi/O
The relative position and the relative velocity of the ith particle in the system:

ri′ = ri/G 

vi′ = vi/G  



The linear momentum of a system of particles:
L = (mivi  = MvG
The angular momentum of a system of particles about O:

HO  = ((ri x mivi) =  (rG x MvG) + HG
The angular momentum of a system of particles about G:

HG  = ((ri′ x mivi)

This is the ang. mom. about G as observed from the absolute frame
HG′ = ((ri′ x mivi′)

This is the ang. mom. about G as observed from the centroidal frame
HG  =  HG′


They are the same! (This is not obvious at all!)
The kinetic energy of a system of particles:

T  =  ½ (mivi2  =  ½ mvG2  +  ½ (mivi′2
Newton’s Second Law for a system of particles:
( Fext

=
(miai


= dL/dt    
=  MaG
( (MO)ext   
= 
( (ri/O x miai)
= dHO/dt        
( (MG)ext  
=
( (ri/G x mi ai)
= dHG/dt    
                

In English the first 2 equations say that all the external forces acting on the various particles

form a system that is equipollent to the system of the effective forces.

Newton’s Second Law Graphically:
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When is momentum conserved?
· If   there are no Fext  ( L  is constant and HO is constant

· If   ( Fext    = 0 (   L is constant (HO is not necessarily constant)

· If   ( MOext = 0 (   HO  is constant

· If   ( MGext = 0 (   HG  is constant 

Work-Energy Theorem for a system of particles:
T1  +  U 1(2     = T2
where    

T1 and T2 is the kinetic energy of the system at positions 1 and 2

U 1(2   is the work done by ALL internal AND external forces
Note: 
The work done by internal forces will sometimes cancel out.  
They will cancel only if the displacements of action/reaction forces are the same.
If all forces doing work are conservative, the Work-Energy Theorem looks like this:

T1  +  V1    =  T2  +  V2

where V1 and V2  are the potential energies of all the internal AND external conservative forces acting on the system at position 1 and position 2, respectively.
Principle of Impulse & Momentum for a system of particles:


L1  

+
   ( (t1t2  Fext dt   

=  

L2
linear impulse


HO1

+
   ( (t1t2  (MO)ext dt    
=  

HO2

angular impulse
where    

L1 and L2 is the linear momentum of the system at time 1 and 2

HO1 and HO2 is the angular momentum of the system at time 1 and 2
The impulses are calculated from just the external forces acting on the system. 
Note: 
The impulses of the internal forces will always cancel out because the time intervals of action-reaction pairs are the same. 

Principle of Impulse & Momentum Graphically:
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