Kinematics of Rigid Bodies

Chapter 15
The various types of motions for a Rigid Body can be put into 5 categories:

1. Translation

2. Rotation about a fixed axis

3. General Plane Motion

4. Motion about fixed point
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General 3D Motion
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rA = rB + rA/B


  rA                rA/B
        B        vB = vA

vA = vB
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aA = aB
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Rotation about a Fixed Axis

( is the angular coordinate, it completely determines the position of any point, P, on the RB




 z     vP


                aPt



        vP  =   (  x  rP/A    =  dr/dt



           P







          aPn



     where 
( = (( = angular velocity  

 (





     and 
rP/A   = position vector of P wrt any
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point on the axis of rotation








     and 
( is the unit vector in the direction


    
 (







of the axis of rotation 
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whose sense is determined 











by the right hand rule
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     aP  = (( x rP/A )  + ( x  ((  x  rP/A )    where
 ( = (( = angular acceleration  



   aPt

        
    aPn

If r is in plane of motion and we take the z-axis perpendicular to the plane of motion, we will get:


 vP  = ( k x  r     (vP  = ( r)    y

    aPt
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aP  = ((k x r )    -   (2r 
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A comparison of angular and linear velocities and accelerations:

The equations for a body in rotation about a fixed axis that relate 

· the angular coordinate, (
· the angular velocity, (
· the angular acceleration, ( 
have the same form as the equations for a body in rectilinear motion that relate 

· the position coordinate, x
· the linear velocity, v
· the linear acceleration, a
 

( = d(/dt



v = dx/dt




( = d(/dt = ( d(/d(


a = dv/dt = v dv/dt

for  ( = 0



for a = 0
( = constant



v = constant

( = (0 + (t



x = x0 + vt

for  ( = constant


for a = constant 

( = (0 + (t



v = v0 + at

( = (0 + (t + ½ (t2


x = x0 + vt + ½ at2

(2 = (02 + 2((( - (0)


v2 = v02 + 2a(x - x0)

General Plane Motion

Any plane motion can be broken into two parts:

1. Pure translation (of any reference point, A, on the RB).

2. Pure rotation (of any other point, P, on the RB wrt to the reference point A).


vP =       vA          +          vP/A












(k  
                
              pure translation of A          pure rotation of P wrt A



vP =       vA          +        (  x  rP/A

        A

(k
       =      vA          +      (k  x   rP/A
Note:  Point A can be any point on the RB.  




 rP/A    aP/A n
( is independent of the choice of A.




           











        vP/A         
aP =  aA    +    aP/A 





     B          aP/A t

     


      =  aA     +    (( x rP/A )        +   ( x  ((  x  rP/A )


    

           aP/At
  
      
         aP/An
     = aA    +   ((k x rP/A )    -        (2rP/A 
Note:  You may use the idea of instant center to obtain ( and vP but not a or (!

Considering a fixed frame OXYZ and a rotating frame Oxyz (F )
We’ve looked at the class of problems that considers the motion (velocity and acceleration) of a body that is moving relative to a frame that is translating only relative to a fixed frame.  (Review this now if you don’t remember! We saw that vA = vB + vA/B and aA = aB + aA/B.)  Now we will look at the class of problems that considers the motion (velocity and acceleration) of a body moving relative to a frame that is rotating only relative to a fixed frame.  
Usually, the motion of the body relative to the rotating frame is known (or not hard to establish) and it is desired to find its motion relative to the fixed frame, which would be its absolute motion.  So we need to get the relationship between the motion of a body relative to the rotating frame and its motion relative to the fixed frame.  Here they are!
Making this less abstract:  Think of a kid on a merry-go-round running from one horse to another.  She is moving relative to the merry-go-round.  Her velocity and acceleration relative to the merry-go-round can be measured by an adult on it.  The merry-go-round is rotating relative to the fixed frame (the earth).  We want to know her absolute velocity and acceleration, i.e. relative to the earth.  





Y
aP/Ft
        


v 
y 
aP' t
vP'
vP/F
aP/Fn


absolute     
 velocity        
velocity

velocity
 of P'      
of P relative

  
of P
 
relative
to F (Oxyz)
aC
point P is the kid

 to OXYZ       

aP'n 
kid is moving this way 


x  

merry-go-round is rotating this way
Note:  In this equation, ( is the angular velocity of Oxyz at the instant considered and P' is a point “glued” to Oxyz and
coinciding with P at the instant considered.  (Think of a piece of gum that the kid spit out and got stuck on the merry-go-round – we’re talking about the absolute velocity of this piece of gum, stuck on the merry-go-round floor.)
O
X





  
absolute    
 
 acceleration  

acceleration         Coriolis or

acceleration 

of P' relative 
 
    
of P relative
       complementary

    
of P


   to OXYZ

    
to Oxyz  (F)
       acceleration


Note:
 aC    (   vP/F     (For 2D problems, just rotate vP/F by 90o in direction of rotation of ( to get direction of aC.   It will be along the same line as aP/Fn but not necessarily the same direction.  The magnitude of the Coriolis acceleration in a 2D problem is given by :  | aC |   = 2 ( vP/F )
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