Considering the rate of change of a vector as observed from a fixed frame 

and
considering the rate of change of a vector as observed from a moving frame
and 

considering the relationship between the two.
Consider two frames of reference:  a fixed frame Oxyz and a moving frame Ax'y'z'.  
A fixed frame is a Newtonian frame of reference which is sometimes called an absolute frame of reference. Engineers consider the earth to be a fixed frame of reference.  (Is it?)
A moving frame is one that is moving with respect to the fixed frame Oxyz.  
We can consider it to be attached to a particle A, which is moving wrt Oxyz.
Consider another particle B which is moving.  
We will consider B’s movement relative to the fixed frame.

This is the absolute motion of B.
We will also consider B’s movement relative to the moving frame.

This is the relative motion motion of B.
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rA and rB define the absolute positions of A and B 

rB/A = rB – rA  defines the relative position of B wrt A
If we rewrite this expression then we get:  rB = rA + rB/A  
(Equation 1)
Let’s look more closely at each of these vectors.
The first two terms are easy because they are the absolute postitions of A and B and so are measured wrt the fixed frame: 
 rB = rBxi  + rByj + rBzk  
rA = rAxi  + rAyj + rAzk
The last term can be written two ways. It can be written in terms of the fixed frame:
rB/A = rB/Axi  + rB/Ayj + rB/Azk  
(This is the motion of B wrt A as observed by someone in the fixed frame.)
Or it can be written in terms of the moving frame: (Sometimes this is easier to get.)
rB/A = rB/Ax’i'  + rB/Ay’j' + rB/Az’k'   (This is the motion of B wrt A as observed  by someone in the moving frame.) 

Let’s take the time derivative of Equation 1, rB = rA + rB/A, with respect to the absolute frame. 

      drB    =
drA         + 
drB/A
       dt

dt

dt

 Note: “with respect to” means “as an observer in”


 Oxyz
          Oxyz
             Oxyz
We will take this derivative term by term. 

The time derivative (d/dt) of rA  as an observer in Oxyz (d/dt of rB will be similar):

rA = rAxi  + rAyj + rAzk  

   drA  
      = 
drAx  i +  rAx di  +  drAy  j  +  rAy dj  +   drAz  k  +  rAz dk
    dt

dt
       dt
       dt
              dt    
   dt
            dt
          Oxyz
   
vA  = drAx  i +  drAy  j +  drAz  k 
          

dt
 dt
    dt
   
vA = vAxi  + vAyj + vAzk  
This is the absolute velocity of A, i.e. the rate of change of rA as observed from Oxyz.


Similarly,   drB       =  vB  = vBxi  + vByj + vBzk  


       dt


  Oxyz
Now consider d/dt of rB/A: 
(And we will use the expression for rB/A that considers the motion as observed  by someone in Ax’y’z’)
rB/A    
=     
rB/Ax’i'  + rB/Ay’j' + rB/Az’k'   


   drB/A  
= 
drB/Ax'  i' +  rB/Ax' di'   + drB/Ay'  j'  +  rB/Ay' dj’  + drB/Az'  k'  +  rB/Az' dk'
    dt


dt
       
   dt
    dt
                dt        dt
       
         dt


 Oxyz


vB/A 
=  
drB/Ax'  i' + drB/Ay'  j'  + drB/Az'  k'  +    rB/Ax' di'   + rB/Ay' dj'  +  rB/Az' dk'



 dt
        dt
  dt

         dt
    dt
           dt


vB/A 
=  
drB/A      +    
rB/Ax' di'   + rB/Ay' dj'  +  rB/Az' dk'



 dt

        dt
   dt

dt



       Ax’y’z’


vB/A 
=       v'B/A 
+ 
rB/Ax' di'   + rB/Ay' dj'  +  rB/Az' dk'





        dt
   dt

dt

This is the rate of
This is the rate of

This is some mysterious, 
change of B wrt A 
change of B wrt A

confusing quantity that
as observed

as observed


we won’t worry about for at least
from Oxyz

from Ax'y'z'


another month.
General Conclusion from all of the above:  


     vB/A  =     v'B/A       +
rB/Ax' di'   + rB/Ay' dj'  +  rB/Az' dk'




        dt
   dt

dt

This sentence in the language of math can be translated into English: 
“The rate of change of a vector as observed from a fixed frame is not the same as the rate of change of that same vector as observed from a moving frame.”
Special Case of a frame moving in Translation Only (No Rotation):

For the special case of a frame moving in translation only wrt the fixed frame, i’, j’ and k’ will remain constant in magnitude and direction.  (“Translation only”  means no rotation, so that the axes of the moving frame always remain parallel to the axes of the fixed frame.) Hence, the time derivatives of i’, j’ and will be zero and the three terms in the parentheses become zero. 
So for this special case: 

     vB/A =  v'B/A  
This sentence in the language of math can be translated into English:  
 “The rate of change of a vector as observed from a moving frame does equal the rate of change as observed from a fixed frame, as long as the moving frame is moving in translation only wrt to the fixed frame.”
Now let’s go back and substitute for the various terms in this equation:

  


    drB    =
drA         + 
drB/A
 


      dt

dt

dt
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          Oxyz
             Oxyz
For the General Case:


vB =  vA +   v'B/A    +
rB/Ax' di'   + rB/Ay' dj'  +  rB/Az' dk'





        dt
    dt
           dt
For the special case of a frame moving in translation only:



vB = vA + v'B/A      
or
vB = vA + vB/A   
where:
 
vB is the absolute velocity of B.




(i.e. the time rate of change of the position of B wrt fixed frame.)
 
vA is the absolute velocity of A.




(i.e. the time rate of change of the position of A wrt fixed frame.)

 
vB/A is the velocity of B relative to A as observed from the fixed frame.

 

(i.e. the time rate of change of rB/A wrt Oxyz.)


v'B/A is the velocity of B relative to A as observed from the translating frame.

  

(i.e. the time rate of change of rB/A wrt Ax'y'z'.)
We can do a similar derivation for acceleration:

  

aB = aA + a'B/A  
or  
aB = aA + aB/A  
where:
 
 aB is the absolute acceleration of B.




(i.e. the time rate of change of the velocity of B wrt fixed frame.)
 
 aA is the absolute acceleration of A. 




(i.e. the time rate of change of the velocity of A wrt fixed frame.)

 
aB/A is the acceleration of B relative to A as observed from the fixed frame.



(i.e. the time rate of change of vB/A wrt Oxyz.)

 
a'B/A is also the acceleration of B relative to A as observed from the translating frame.

  

(i.e. the time rate of change of vB/A wrt Ax'y'z'.)







